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Preliminaries

Definition 1 A right R-module M is said to satisfy
the (full) exchange property if for any two direct sum
decompositions M © N = @, 1N;, there exist sub-
modules K; C N; such that M@®N = M & (B;c1K;).
If this holds only for |I| < co, then M is said to satisfy
the finite exchange property.

It is an open question due to Crawley and Jdénsson
whether the finite exchange property always implies
the full exchange property.

A ring R is called exchange if Ry is exchange as a
right R-module. Exchange rings are closely related
to another interesting class of rings called clean rings
that was first introduced by K. Nicholson, where a
ring R is called clean if every element is the sum of
an idempotent and a unit. A module Mp is called
clean if End(MER) is a clean ring.



Definition 2 A module M is called (summand-)square-

free if it contains no non-zero isomorphic (summand)
submodules A and B with AN B = 0.

Definition 3 A module M is called (summand)-dual-
square-free if M has no proper (summand) submod-
ules A and B with M = A+ B and M/A = M/B.

Definition 4 Two direct-summands A and B of a right
R-module M are called perspective summands, and
denoted by A ~ B, if they have a common comple-
ment, i.e. there exists a direct-summand C C M such
that M = A C = B® C. The module M is called
perspective if every two isomorphic direct-summands
of M are perspective.

The notion of perspectivity is left-right symmetric and
lies strictly between the internal cancellation and sta-
ble range 1. If M is a module with the finite exchange
property, then the three notions are equivalent.



Definition 5 /brahim & Y (2022): Two direct-summands
A and B of a right R-module M are called strongly-
perspective (s-perspective for short), and denoted by

A R B, if every complement of A is a complement of

B and vice-versa, i.e. if forany X C M, M = A X
ifFM = B® X. A module M is called s-perspective

if every two isomorphic direct-summands of M are s-
perspective, and a ring R will be called s-perspective

if R as a right R-module is s-perspective.

If M has the finite exchange property and S := End(MEg),
then M is s-perspective iff S is right (left) quasi-duo,
iff S is right (left) summand-dual-square-free.



Theorem 6 Let M be an s-perspective module. Then
M has the finite exchange property iff M is clean, iff
M has the full exchange property.

Theorem 7 Let M be a module with the finite ex-
change property. If M is either summand-square-
free or dual-summand-square-free, then M is clean, s-
perspective and has the full exchange property. More-
over, in this case, M has the substitution and cancel-
lation properties, and its endomorphism ring is right
(left) quasi-duo and has (square) stable range 1.



Direct Complements Unique

Definition 8 Given a module M. A direct summand
A of M is said to have a unique direct complement if
whenever Ml = A® B =A®C, then B = C. The
module M is said to have unique direct complements
if every direct summand of M has a unique direct
complement.

Recall that, if A C M, then A is said to be fully
invariant in M, if f(A) C A for every f € End(M).
A module M is called abelian if, S =: End(M); i.e.
idempotents of S are central.



Proposition 9 The following conditions on a right R-
modules M are equivalent:

1. M is abelian;

2. Direct summands of M are fully-invariant;

3. Direct complements of M are unique;

4. If M = A& B, then Hom(A, B) = 0.



Direct Complements Essentially Unique

Definition 10 Given a module M. A direct summand
A of M is said to have an essentially unique direct
complement if whenever M = A® B = A® C, then
BNC is essential in B (also BNC is essential in C, by
symmetry). The module M is said to have essentially
unique direct complements if every direct summand
of M has an essentially unique direct complement.

It is not difficult to see that direct complements of a

square-free module are essentially unique.

The following notation will be used below A(M) :=
{f €S :kerf Ce3 M}, where S = End(Mpg).



Proposition 11 The following conditions on a right
R-modules M are equivalent:

. Direct complements of M are essentially unique;

. ldempotents in End(Mp) are central modulo A(M);

. Idempotents of End(Mpg) commute modulo A(M);

M =A® B and f: A— B is a homomorphism,
then ker f C®55 A,

. fM = A®C = BOD with A 2 B, then CND C°%¢
C (and C N D C¢%5 D).

Remark 12 Clearly if direct complements of M are
essentially unique and A(M) C J(S), then M is s-
perspective. The converse holds if J(S) C A(M),
where S := End(MERg).



Example 13 Let R := Fp[x1,x0,...] (e, f), subject
to the following relations €2 = e, f2 = f, ex]; =
fr1 = 0, efro = fexo = 0, efexs = fefxz =
0,.... It was shown by the authors that R is a right
square-free ring, and so right direct complements of
R are essentially unique. Moreover, if (x1,x2,...) is
the ideal generated by x1, x>, ..., then clearly R :=
R/ (x1,%2,...) = Fole, f : €2 = e, f° = f). Inas-
much ase and f do not commute and J(R) C (x1,x2,...),
we infer that e and f don’t commute modulo J(R),

and so R is not s-perspective.

Example 14 Let ' be a field and R = F({x,y, z),
subject to the relations

2 2

T =, yzzy, Ty =9y, yr=x, yz = x2, 2 =0, zxz =0

Rp is summand-square-free and has the finite ex-
change property, but does not have essentially unique
direct complements. However, R is s-perspective.



Proposition 15 /f direct complements of M are es-
sentially unique, then M is summand-square-free.

Corollary 16 /f the direct complements of M are es-
sentially unique, then M is Dedekind-finite.

Corollary 17 [If the right direct complements are es-
sentially unique in a ring R, then R is left and right
summand-dual-square-free.

Corollary 18 Let M be a module whose direct com-
plements are essentially unique. If M has the finite
exchange, then M is clean, s-perspective and has the
full exchange.



Direct Complements Almost Unique

In this section we introduce and investigate a dualiza-
tion of the notion of direct complements are essen-
tially unique. But first, a submodule N of M is called
small in M if, M = N + L implies M = L.

Definition 19 A direct summand A of a module M is
said to have an almost unique direct complement |f,
whenever M = A® B = A& C, then(B+(C) /B K
M/B (also (B+ C) /C <« M/C, by symmetry). Di-
rect complements in a module M are said to be almost
unique if every direct summand A of M has an almost
unique direct complement.

The following notation will be used below V(M) :=
{fesS:Imf KM}, where S = End(MR).



Proposition 20 For a right R-module M, the follow-
ing conditions are equivalent:

. Direct complements of M are almost unique;

. Idempotents in End(Mg) are central modulo V(M);

. ldempotents of End(Mp) commute modulo V (M).

M =A® B and f : A— B is a homomorphism,
then Im f < B;

MM =A®dB=A&C, then AN(B+C) K A;

MM =AB=AdC, then AN(B+C) <K M;

MM = A®C = B&D with A= B, then (C + D) /C K
M/C (also (C+ D) /D <« M/D, by symmetry).



A module M is said to be N-epi-projective if, for any
epimorphisms f : N — L and g : M — L, there
exists a homomorphism h : M — N such that g =
foh. M is said to be epi-projective if it is M-epi-
projective. It is known that if M is epi-projective then
J(S) = V(M), where S = End(MEg).



Theorem 21 The following conditions on an epi-projective

module M are equivalent:

1. Direct complements of M are almost unique;

2. ldempotents in S := End(Mpg) are central modulo
J(S),;

3. Idempotents of S := End(Mpg) commute modulo
J(S);

4. S := End(MER) is s-perspective;

5. M is s-perspective.



While the notion of “direct complements essentially
unique”’ is not left-right symmetric, the dual notion
of “direct complements almost unique” is left-right
symmetric.

Corollary 22 A ring R is s-perspective iff direct com-
plements of R are almost unique. In particular, the
notion of “Direct Complements Almost Unique” is
left-right symmetric for rings.

Example 23 Let R be a unit-regular ring and S =
Ms(R). Then S is a perspective ring whose direct
complements are not almost unique.



The next result is a dualization of the above noted
fact that direct complements of square-free modules
are essentially unique.

Proposition 24 |f M is a dual-square-free module, then
direct complements of M are almost unique.

Example 25 If R is the free algebra Q{(x,y), then
clearly R is an abelian ring whose direct complements
are almost unique. However, R is not quasi-duo (dual-
square-free).



Proposition 26 /f the direct complements of M are
almost unique, then M is summand-dual-square-free.

Corollary 27 [If the direct complements of M are al-
most unique, then M is Dedekind-finite.

Remark 28 We have examples that show the notion
of Direct Complements Almost Unique (s-perspective)
lies strictly between the notions of dual-square-free
and summand-dual-square-free. In the ring case, while
we still don’t know if the notion of quasi-duo (dual-
square-free) is left-right symmetric, we should observe
that both notions of “Direct Complements Almost
Unique” and “summand-dual-square-free” are left-right
symmetric.

Theorem 29 Let M be a module whose direct com-
plements are almost unique. If M has the finite ex-
change, then M is clean, s-perspective and has the
full exchange.
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